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1 In tro duction

The sparsegrid method is a special discretization technique, which allows to
cope with the curseof dimensionality of grid basedapproachesto someextent.
It is basedon a hierarchical basis [Fab09, Yse86, Yse92], a representation of a
discrete function spacewhich is equivalent to the conventional nodal basis,and
a sparsetensor product construction.

The method was originally developed for the solution of partial di�eren-
tial equations[Zen91, Gri91, Bun92, Bal94, Ach03] and is now also successfully
used for integral equations [FHP96, GOS99], interpolation and approximation
[Bas85, Tem89, SS99, GK00, Kna00, KW05b]. Furthermore there is work on
stochastic di�eren tial equations[ST03a, ST03b], di�eren tial forms in the context
of the Maxwell-equation [GH03] and with a wavelet-basedsparsegrid discretiza-
tion parabolic problems are treated in [vPS04]. BesidesGalerkin �nite element
approachesthere are also �nite di�erences on sparsegrids [Gri98, Sch99, Kos02,
GK03] and �nite volume approaches[Hem95].

Besidesworking directly in the hierarchical basis a sparse grid represen-
tation of a function can also be computed using the combination technique
[GSZ92], where a certain sequenceof partial functions is linearly combined.
Applications include eigenvalue problems[GG00], numerical integration [GG98,
BD03, GG03], parabolic equations for options pricing [Rei04], machine learn-
ing [GGT01, GG02, Gar04, GG05] and data analysis [LNSH05] and it is used
for solving the stochastic master equation applied to generegulatory networks
[HBS+ 06].

The underlying idea of sparsegrids can be traced back to the Russianmath-
ematician Smolyak [Smo63], who usedit for numerical integration. The concept
is also closely related to hyperbolic crosses[Bab60, Tem89, Tem93a, Tem93b],
boolean methods [Del82, DS89], discrete blending methods [BDJ92] and split-
ting extrapolation methods [LLS95].
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For the representation of a function f de�ned over a d-dimensional domain
the sparsegrid approach employs O(h� 1

n � log(h� 1
n )d� 1) grid points in the dis-

cretization process,where hn := 2� n denotesthe mesh size. It can be shown
that the order of approximation to describe a function f , under certain smooth-
nessconditions, is O(h2

n � log(h� 1
n )d� 1). This is in contrast to conventional grid

methods, which need O(h� d
n ) for an accuracy of O(h2

n ). Since the curse of di-
mensionality of full grid method arises for sparsegrids at this much smaller
extent they can be usedfor higher dimensional problems.

For easeof presentation we will consider the domain 
 = [0; 1]d here and in
the following. This situation can be achieved for bounded rectangular domains
by a proper rescaling.

2 Sparse grids

Weintro ducesomenotation while describingthe conventional caseof a piecewise
linear �nite element basis. Let l = (l1; : : : ; ld) 2

� d denote a multi-index.
We de�ne the anisotropic grid 
 l on �
 with mesh size hl := (hl 1 ; : : : ; hl d ) :=
(2� l 1 ; : : : ; 2� l d ), it has di�eren t, but equidistant mesh sizesin each coordinate
direction t. This way the grid 
 l consistsof the points

x l ;j := (x l 1 ;j 1 ; : : : ; x l d ;j d ); (1)

with x l t ;j t := j t � hl t = j t � 2� l t and j t = 0; : : : ; 2l t . For a grid 
 l we de�ne an
associated spaceVl of piecewised-linear functions

Vl := spanf � l ;j j j t = 0; : : : ; 2l t ; t = 1; : : : ; dg; (2)

which is spanned by the usual basis of d-dimensional piecewised-linear hat
functions

� l ;j (x) :=
dY

t =1

� l t ;j t (x t ): (3)

The one-dimensionalfunctions � l;j (x) with support [x l;j � hl ; x l;j + hl ] \ [0; 1] =
[(j � 1)hl ; (j + 1)hl ] \ [0; 1] are de�ned by:

� l;j (x) =
�

1 � jx=hl � j j; x 2 [(j � 1)hl ; (j + 1)hl ] \ [0; 1];
0; otherwise:

(4)

SeeFigure 1(a) for a one-dimensionalexampleand Figure 2 for a two-dimensional
basis function.

2.1 Hierarc hical subspace-splitting

Till now and in the following the multi-index l 2
� d denotesthe level, i.e. the

discretization resolution, of a grid 
 l , a spaceVl or a function f l , whereasthe
multi-index j 2

� d gives the position of a grid point x l ;j or the corresponding
basis function � l ;j (�).
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(a) Nodal basis f•ur V3 (b) Hierarc hical basis f•ur V3

Figure 1: Nodal and hierarchical basisof level 3

Figure 2: Basis function � 1;1 on grid 
 2;1.
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We now de�ne a hierarchical di�erence spaceWl via

Wl := Vl n
dM

t =1

Vl � et
; (5)

where et is the t-th unit vector. In other words, Wl consists of all � k ;j 2 Vl

which are not included in any of the spacesVk smaller1 than Vl . To complete
the de�nition, we formally set Vl := 0, if l t = � 1 for at least one t 2 f 1; : : : ; dg.
As can easily be seenfrom (2) and (5), the de�nition of the index set

Bl :=
�

j 2
� d

�
�
�
�

j t = 1; : : : ; 2l t � 1; j t odd; t = 1; : : : ; d; if l t > 0;
j t = 0; 1; t = 1; : : : ; d; if l t = 0

�
(6)

leadsto
Wl = spanf � l ;j jj 2 Bl g: (7)

These hierarchical di�erence spacesnow allow us the de�nition of a multilev el
subspacedecomposition. We can write Vn := Vn as a direct sum of subspaces

Vn :=
nM

l 1 =0

� � �
nM

l d =0

Wl =
M

j l j 1 � n

Wl : (8)

Here and in the following \ � " refers to the element-wise relation. jl j1 :=
max1� t � d l t and jl j1 :=

P d
t =1 l t are the discrete L 1 - and the discrete L 1-norm

of l , respectively.
The family of functions

f � l ;j jj 2 Bl g
n
l =0 (9)

is just the hierarchical basis [Fab09, Yse86, Yse92] of Vn , which generalizesthe
one-dimensionalhierarchical basis[Fab09], seeFigure 1(b), to the d-dimensional
case with a tensor product ansatz. Observe that the supports of the basis
functions � l ;j (x), which spanWl , are disjunct. SeeFigure 3 for a representation
of the supports of the basis functions of the di�erence spacesWl 1 ;l 2 forming
V3;3.

Now each function f 2 Vn can be represented as

f (x) =
X

j l j 1 � n

X

j 2 Bl

� l ;j � � l ;j (x); (10)

where � l ;j 2 � are the coe�cien ts of the representation in the hierarchical
tensor product basis. The number of basis functions, which describe a f 2 Vn

in nodal or hierarchical basisis (2n + 1)d. For examplea resolution of 17 points
in each dimensions, i.e. n = 4, for a ten-dimensional problem therefore needs
2 � 1012 coe�cien ts, we encounter the curseof dimensionality.

1We call a discrete space Vk smaller than a space Vl if 8t kt � l t and 9t : kt < l t . In the
same way a grid 
 k is smaller than a grid 
 l .
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W0;3 W1;3 W2;3 W3;3

W0;2 W1;2 W2;2 W3;2

W0;1 W1;1 W2;1 W3;1

W0;0 W1;0 W2;0 W3;0

Figure 3: Supports of the basisfunctionsof the hierarchical subspacesWl of the
spaceV3

Note, that for the spacesVl the following decomposition holds

Vl :=
l 1M

k1 =0

� � �
l dM

kd =0

Wk =
M

k � l

Wk :

2.2 Prop erties of the hierarc hical subspaces

Now consider the d-linear interpolation of a function f 2 V by a f n 2 Vn , i.e.
a representation as in (10). First we look at the linear interpolation in one
dimension, for the hierarchical coe�cien ts � l;j , l � 1, holds

� l;j = f (x l;j ) �
f (x l;j � h) + f (x l;j + h)

2
= f (x l;j ) �

f (x l;j � 1) + f (x l;j +1 )
2

:
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� 3;7� 3;1 � 3;3
� 2;1

� 1;1 � 3;5 � 2;3

Figure 4: Interpolation with the hierarchical basis

This and Figure 4 illustrate why the � l;j are also called hierarchical surplus,
they specify what has to be added to the hierarchical representation from level
l � 1 to obtain the one of level l . We can rewrite this in the following operator
form

� l;j =
�
�

1
2

1 �
1
2

�

l;j
f

and with that we generalizeto the d-dimensional hierarchization operator as
follows

� l ;j =

 
dY

t =1

�
�

1
2

1 �
1
2

�

l t ;j t

!

f (11)

Note that the coe�cien ts for the basisfunctions associated to the boundary are
just � 0;j = f (x0;j ); j = 0; 1.

Now let us de�ne the so-calledSobolev-spacewith dominating mixed deriva-
tiv e H 2

mix in which we then will show approximation properties of the hierar-
chical basis. We de�ne the norm as

kf k2
H s

mix
=

X

0� k � s

�
�
�
�
@j k j 1

@xk f

�
�
�
�

2

2
;

and the spaceH 2
mix in the usual way:

H s
mix := f f : 
 ! � : kf k2

H s
mix

< 1g

Furthermore we de�ne the semi-norm jf jH 2
mix

:= jf jH 2
mix

jf jH k
mix

:=

�
�
�
�
@j k j 1

@xk f

�
�
�
�

2

2
;
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Note that the continuousfunction spacesH s
mix , likethe discretespacesVl , havea

tensor product structure [Wah90, Hoc99, GK00, HKZ00] and canbe represented
as a tensor product of one dimensional spaces:

H s
mix = H s 
 � � � 
 H s:

We now look at the properties of the hierarchical representation of a function
f , especially at the size of the hierarchical surplusses. We recite the following
proofs from [Bun92, Bun98, BG99, BG04], seethesereferencesfor more details
on the following and results in other norms like k � k1 or k � kE . For easeof
presentation we assumef 2 H 2

0;mix ( �
), i.e. zero boundary values, and l > 0
to avoid the special treatment of level 0, i.e. the boundary functions in the
hierarchical representation.

Straightforward calculation shows

Lemma 1. For any piecewised-linear basis function � l ;j holds

k� l ;j k2 � C(d) � 2�j l j 1 =2:

Lemma 2. For any hierarchical coe�cient � l ;j of f 2 H 2
0;mix ( �
 ) it holds

� l ;j =
dY

t =1

�
ht

2

Z



� l ;j � D 2f (x)dx: (12)

Proof. In one dimension partial integration provides

Z



� l;j �

@2f (x)dx
@x2 =

Z x l;j + h

x l;j � h
� l;j �

@2f (x)dx
@x2

=
�
� l;j �

@f (x)dx
@x

� x l;j + h

x l;j � h
�

Z x l;j + h

x l;j � h

@� l;j

@x
�

@f (x)dx
@x

= �
Z x l;j

x l;j � h

1
h

�
@f (x)dx

@x
+

Z x l;j + h

x l;j

1
h

�
@f (x)dx

@x

=
1
h

� (f (x l;j � h) � 2f (x l;j ) + f (x l;j + h))

= �
2
h

� � l;j

The d-dimensionalresult is achievedvia the tensorproduct formulation (11).

Lemma 3. Let f 2 H 2
0;mix ( �
) be as in hierarchical representation above, it

holds
j� l ;j j � C(d) � 2� (3=2) �j l j 1 �

�
�
� f jsupp ( � l ;j )

�
�
�
H 2

mix

:
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Proof.

j� l ;j j =

�
�
�
�
�

dY

t =1

�
ht

2

Z



� l ;j � D 2f (x)dx

�
�
�
�
�

�
dY

t =1

ht

2
� k� l ;j k2 �






 D 2f jsupp ( � l ;j )








2

� C(d) � 2� (3=2) �j l j 1 �
�
�
� f jsupp ( � l ;j )

�
�
�
H 2

mix

Lemma 4. f 2 H 2
0;mix ( �
 ) is as above in hierarchical representation. For its

components f l 2 Wl holds

kf l k2 � C(d) � 2� 2�j l j 1 � jf jH 2
mix

: (13)

Proof. Sincethe supports of all � l ;j are mutually disjoint we can write

kf l k2
2 =














X

j 2 Bl

� l ;j � � l ;j (x)














2

2

=
X

j 2 Bl

j� l ;j j2 � k� l ;j k2
2

With Lemma 3 and 1 it now follows

kf l k2
2 �

X

j 2 Bl

C(d) � 2� 3�j l j 1 �
�
�
�f jsupp ( � l ;j )

�
�
�
2

H 2
mix

� C(d) � 2�j l j 1

� C(d) � 2� 4�j l j 1 � jf j2H 2
mix

which completesthe proof.

2.3 Sparse grids

Motiv ated by the relation (13) of the \imp ortance" of the hierachical compo-
nents f l Zenger[Zen91] and Griebel [Gri91] intro ducethe so-calledsparse grids,
where hierarchical basis functions with a small support, and therefore a small
part in the function representation, are not included in the discrete spaceof
level n anymore.

Formally we de�ne the sparsegrid function spaceV s
n � Vn as

V s
n :=

M

j l j 1 � n

Wl : (14)

We replace in the de�nition (8) of Vn in terms of hierarchical subspacesthe
condition jl j1 � n with jl j1 � n. In Figure 3 the used subspacesare given in
black, the di�erence spacesWl which are not used anymore, in comparison to
(8), are given in grey. Every f 2 V s

n can now be represented, analogueto (10),
as

f s
n (x) =

X

j l j 1 � n

X

j 2 Bl

� l ;j � l ;j (x): (15)
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Figure 5: Two-dimensionalsparsegrid (left) and three-dimensionalsparsegrid
(right) of level n = 5 each.

The resulting grids corresponding to the approximation spaceV s
n are called

sparsegrids. Note that sparsegrids were intro duced in [Zen91, Gri91] using the
de�nition

V s
0;n :=

M

j l j 1 � n + d� 1

Wl : (16)

This de�nition is useful for the numerical treatment of partial di�eren tial equa-
tions with Dirichlet boundary conditions where no degreesof freedom exist on
the boundary. Using V s

0;n the level of re�nement n in the sparsegrid corresponds
to the full grid caseagain. Examples in two and three dimensionsare given in
Figure 5. Sparsegrids are studied in detail in [Bun92, Bun98, BG99, Kna00,
BG04] besidesothers.

The following results hold for both de�nitions V s
n and V s

0;n . The proofs are
somewhateasierwithout basisfunctions on the boundary, so we useV s

n; 0 in the
following, like it is done in the referencedsourcepublications.

First we look at the sizeof the sparsegrid space.

Lemma 5. The dimension of the sparse grid space V s
0;n , i.e. the number of

inner grid points, is given by

jV s
0;n j = O(h� 1

n � log(h� 1
n )d� 1) (17)

Proof. We follow [BG04] and use in �rst part the de�nition (16), the size of
a hierarchical subspacejWl j = 2j l � 1j 1 and that there are

� i � 1
d� 1

�
possibilities to
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represent i as a sum of d natural numbers.

jV s
0;n j =

�
�
�
�
�
�

M

j l j 1 � n + d� 1

Wl

�
�
�
�
�
�

=
X

j l j 1 � n + d� 1

2j l � 1j 1 =
n + d� 1X

i = d

2i � d �
X

j l j 1 = i

1

=
n + d� 1X

i = d

2i � d �
�

i � 1
d � 1

�

=
n � 1X

i =0

2i �
�

i + d � 1
d � 1

�

We now represent the summandasthe (d� 1)-derivation of a function evaluated
at x = 2

n � 1X

i =0

2i �
�

i + d � 1
d � 1

�

=
1

(d � 1)!

n � 1X

i =0

�
x i + d� 1� (d� 1)

�
�
�
x =2

=
1

(d � 1)!

�
xd� 1 �

1 � xn

1 � x

� (d� 1)
�
�
�
�
�
x =2

=
1

(d � 1)!

d� 1X

i =0

�
d � 1

i

�
�

�
xd� 1 � xn + d� 1� ( i )

�
�

1
1 � x

� (d� 1� i )
�
�
�
�
�
x =2

= (� 1)d + 2n �
d� 1X

i =0

�
n + d � 1

i

�
� (� 2)d� 1� i :

The summand for i = d � 1 is the largest one and it holds

2n �
(n + d � 1)!
(d + 1)!n!

= 2n �
�

nd� 1

(d � 1)!
+ O(nd� 2)

�

which givesa total order of O(2n � nd� 1) or in other notation, with hn = 2� n ,
of O(h� 1

n � log(h� 1
n )d� 1).

This is far less than the size of the corresponding full grid space jVn j =
O(h� d

n ) = O(2d�n ) and allows the treatment of higher dimensional problems.
We now look at approximation properties of sparsegrids. For the proof we

again follow [BG04] and �rst look at the error for the interpolation of a function
f 2 H 2

0;mix by f 0;n 2 V s
0;n which can be written in regard to the partial functions

from the hierarchical subspacesas

f � f s
0;n =

X

l

f l �
X

j l j 1 � n + d� 1

f l =
X

j l j 1 >n + d� 1

f l :
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For any norm now holds

kf � f s
0;n k �

X

j l j 1 >n + d� 1

kf l k: (18)

We needthe following lemma to estimate the interpolation error

Lemma 6. For s 2
�

it holds

X

j l j 1 >n + d� 1

2� sj l j 1 = 2� s�n � 2� s�d
1X

i =0

2� s� i �
�

i + n + d � 1
d � 1

�

� 2� s�n � 2� s�d � 2 �
�

nd� 1

(d � 1)!
+ O(nd� 2)

�
;

Proof. The steps of the proof are similar to the ones in the previous lemma,
�rst we get

X

j l j 1 >n + d� 1

2� sj l j 1 =
1X

i = n + d

2� s� i �
X

j l j 1 = i

1

=
1X

i = n + d

2� s� i �
�

i � 1
d � 1

�

= 2� s�n � 2� s�d �
1X

i =0

2� s� i �
�

i + n + d � 1
d � 1

�
:

Since

1X

i =0

x i �
�

i + n + d � 1
d � 1

�
=

x � n

(d � 1)!

 
1X

i =0

x i + n + d� 1

! (d� 1)

=
x � n

(d � 1)!
�
�

xn + d� 1 �
1

1 � x

� (d� 1)

=
x � n

(d � 1)!
�

d� 1X

k=0

�
d � 1

k

�
�
�
xn + d� 1� (k )

�
�

1
1 � x

� (d� 1� k )

=
d� 1X

k=0

�
n + d � 1

k

�
�
�

x
1 � x

� d� 1� k

�
1

1 � x
;

it follows with x = 2� s the relation

1X

i =0

2� s� i �
�

i + n + d � 1
d � 1

�
� 2 �

d� 1X

k=0

�
n + d � 1

k

�
= 2 �

�
nd� 1

(d � 1)!
+ O(nd� 2)

�

which �nishes the proof.
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Theorem 1. For the interpolation error of a function f 2 H 2
0;mix in the sparse

grid space V s
0;n holds

jj f � f s
n jj2 = O(h2

n log(h� 1
n )d� 1): (19)

Proof.

jj f � f s
n jj2 �

X

j l j 1 >n + d� 1

kf l k2 � C(d) � 2� 2j l j 1 � jf jH 2
mix

� C(d) � 2� 2�n � jf jH 2
mix

�
�

nd� 1

(d � 1)!
+ O(nd� 2)

�
;

which givesthe wanted relation.

Note that sameresults holds in the maximum-norm as well:

jj f � f s
n jj1 = O(h2

n log(h� 1
n )d� 1)

for f 2 H 2
0;mix .

2.4 Sparse grid combination technique

The so-calledcombination technique [GSZ92], which is basedon multi-v ariate
extrapolation [BGR94], is another method to achieve a function representation
on a sparsegrid. The function is discretizedon a certain sequenceof grids using
a nodal discretization.A linear combination of thesepartial functions then gives
the sparsegrid representation. This approach can have numerical advantages
over working directly in the hierarchical basis,where e.g. the sti�ness matrix is
not sparseand the on-the-
y computation of the matrix-v ector-product, which
complexity scalesbetter, is challenging in the implementation [Ach03, Bal94,
Bun98].

In particular, wediscretizethe function f on a certain sequenceof anisotropic
grids 
 l = 
 l 1 ;::: ;l d with uniform mesh sizesht = 2� l t in the t-th coordinate
direction. These grids possessin general di�eren t mesh sizesfor the di�eren t
coordinate directions. To be precise,we considerall grids 
 l with

jl j1 := l1 + ::: + ld = n � q; q = 0; ::; d � 1; l t � 0:

Note that in the original [GSZ92] and other papers as well, a slightly di�eren t
de�nition was used,again due to Dirichlet boundary conditions,

jl j1 := l1 + ::: + ld = n + (d � 1) � q; q = 0; ::; d � 1; l t > 0:

The grids employed by the combination technique of level 4 in two dimensions
are shown in Figure 6.

A �nite element approach with piecewised-linear functions � l ;j (x) on each
grid 
 l now givesthe representation in the nodal basis

f l (x) =
2l 1X

j 1 =0

:::
2l dX

j d =0

� l ;j � l ;j (x):
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 4;0

�


 3;1

�


 2;2

�


 1;3

�


 0;4

	


 3;0

	


 2;1

	


 1;2

	


 0;3

=

f c
n =

X

l 1 + l 2 = n

f l 1 ;l 2 �
X

l 1 + l 2 = n � 1

f l 1 ;l 2


 s
4

Figure 6: Combination technique with level n = 4 in two dimensions

Finally, welinearly combine the discretepartial functions f l (x) from the di�eren t
grids 
 l according to the combination formula

f c
n (x) :=

d� 1X

q=0

(� 1)q
�

d � 1
q

� X

j l j 1 = n � q

f l (x): (20)

The resulting function f c
n livesin the sparsegrid spaceV s

n , the combined in-
terpolant is identically with the hierarchical sparsegrid interpolant f s

n [GSZ92].
This can be seenby rewriting each f l in their hierarchical representation (10)
and somestraightforward calculation using the telescope sum property, i.e. the
hierarchical functions get added and subtracted. We write it exemplary in the
two dimensional case,using f̂ l 1 + l 2 2 Wl 1 ;l 2 instead of all the basis functions of
Wl 1 ;l 2 for easeof presentation

f c
n =

X

l 1 + l 2 = n

f l 1 ;l 2 �
X

l 1 + l 2 = n � 1

f l 1 ;l 2

=
X

l 1 � n

X

k1 � l 1

X

k2 � n � l 1

f̂ k1 ;k 2 �
X

l 1 � n � 1

X

k1 � l 1

X

k2 � n � 1� l 1

f̂ k1 ;k 2

=
X

k1 � l 1

f̂ k1 ;1 +
X

l 1 � n � 1

X

k1 � l 1

0

@
X

k2 � n � l 1

f̂ k1 ;k 2 �
X

k2 � n � 1� l 1

f̂ k1 ;k 2

1

A

=
X

k1 � l 1

f̂ k1 ;1 +
X

l 1 � n � 1

X

k1 � l 1

f̂ k1 ;n � l 1

=
X

k1 + t � n

f̂ k1 ;t

with t := n + 1 � l1. This is exactly (15).
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Note that the solution obtained with the combination technique f c
n for the

numerical treatment of partial di�eren tial equationsis in generalnot the sparse
grid solution f s

n . However, the approximation property is of the sameorder as
long a seriesexpansionof the error

f � f l =
dX

i =1

X

j 1 ;::: ;j m � 1;::: ;d

cj 1 ;::: ;j m (hj 1 ; : : : ; hj m ) � hp
j 1

� : : : � hp
j m

; (21)

with bounded cj 1 ;::: ;j m (hj 1 ; : : : ; hj m ) � � exists, see[GSZ92]. Its existencewas
shown for model-problemsin [BGRZ94].

Let us again considerthe two dimensional caseand considerthe error of the
combined solution f � f c

n following [GSZ92]. We have

f � f c
n = f �

X

l 1 + l 2 = n

f l 1 ;l 2 +
X

l 1 + l 2 = n � 1

f l 1 ;l 2

=
X

l 1 + l 2 = n

(f � f l 1 ;l 2 ) �
X

l 1 + l 2 = n � 1

(f � f l 1 ;l 2 ) :

Plugging in the error expansion(21) leadsto

f � f c
n =

X

l 1 + l 2 = n

�
c1(hl 1 ) � h2

l 1
+ c2(hl 2 ) � h2

l 2
+ c1;2(hl 1 ; hl 2 ) � h2

l 1
h2

l 2

�

�
X

l 1 + l 2 = n � 1

�
c1(hl 1 ) � h2

l 1
+ c2(hl 2 ) � h2

l 2
+ c1;2(hl 1 ; hl 2 ) � h2

l 1
h2

l 2

�

=

 

c1(hn ) + c2(hn ) +
X

l 1 + l 2 = n

c1;2(hl 1 ; hl 2 ) � 4 �
X

l 1 + l 2 = n � 1

c1;2(hl 1 ; hl 2 )

!

� h2
n

And we get the estimation, using ci � � ,

jf � f c
n j � 2� � h2

n +

�
�
�
�
�

X

l 1 + l 2 = n

c1;2(hl 1 ; hl 2 ) � 4 �
X

l 1 + l 2 = n � 1

c1;2(hl 1 ; hl 2 )

�
�
�
�
�

� h2
n

� 2� � h2
n +

X

l 1 + l 2 = n

jc1;2(hl 1 ; hl 2 )j � h2
n + 4 �

X

l 1 + l 2 = n � 1

jc1;2(hl 1 ; hl 2 )j � h2
n

� 2� � h2
n + � � nh2

n + 4� (n � 1)h2
n

= � � h2
n (5n � 2) = � � h2

n (5 log(h� 1
n ) � 2)

= O(h2
n � log(h� 1

n ))

Observe that terms are canceledfor hl i with l i 6= n and the accumulated h2
l 1

h2
l 2

result in log(h� 1
n )-term. The approximation order O(h2

n � log(h� 1
n )) is just as in

Theorem 1. See[GSZ92, PZ99, Rei04] for results in higher dimension.
The combination technique was used in 
uid dynamics [GHSZ93, GH95,

GT95, Hub96, Kra02], for the Lam�e-equation [Heu97], for eigenvalue-problems
[Gar98, GG00], singular perturbation problems [NH00], machine learning and
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data analysis [GGT01, GG02, Gar04, GG05, LNSH05] and parabolic equations
for option pricing [Rei04].

There are close connections to so-called boolean [Del82, DS89] and dis-
crete blending methods [BDJ92], as well as the splitting extrapolation-method
[LLS95]. Furthermore, there are relations betweenthe sparsegrid combination
technique and additiv e models like e.g. ANOVA [Wah90] or MARS [Fri91].

A Sparse grids in python

We give the listing of somepython code for a sparsegrid without functions on
the boundary, i.e. according to formula (16). If you are interested in the source
�les, write to jochen.garcke@anu.e du.au .

A MATLAB implementation of sparsegrids [KW05a, Kli06] can be found
here http://www.ians. uni- stu ttg ar t.d e/ spi nt er p/ .

Listing 1: sparsegrid representation

im por t math

c l ass gr i dP oi n t :
d ef i n i t ( sel f , i ndex=None, domain=None) :

sel f . hv = [ ] # hi er ar chi cal val ue
sel f . f v = [ ] # f un ct i on val ue
i f i ndex i s None:

sel f . pos = [ ] # posi t i on of gr i d poi n t
el se :

sel f . pos = sel f . p oi n t P osi t i on ( i ndex , domain )

d ef p oi n t P osi t i on ( sel f , i ndex , domain=None) :
coor d = l i st ( )
i f domain i s None:

f o r i i n r ange( l en ( i ndex ) ) :
coor d . append ( i ndex [ i ] [ 1 ] / 2 . � � i ndex [ i ] [ 0 ] )

el se :
f o r i i n r ange( l en ( i ndex ) ) :

coor d . append ( ( domain [ i ] [ 1] � domain [ i ] [ 0 ] ) n
� i ndex [ i ] [ 1 ] / 2 . � � i ndex [ i ] [ 0] + domain [ i ] [ 0 ] )

r et u r n coor d

d ef p r i n t P oi n t ( sel f ) :
i f sel f . pos i s [ ] :

p ass
el se :

out = " "
f o r i i n r ange( l en ( sel f . pos ) ) :

out += st r ( sel f . pos [ i ] ) + " nt "
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p r i n t out

c l ass spar seGr i d :
d ef i n i t ( sel f , dim= 1, l ev el = 1) :

sel f . dim = dim
sel f . l ev el = l ev el
sel f . gP = f g
sel f . i n d i ces = [ ]
sel f . domain = ( ( 0 . 0 , 1 . 0) , ) � dim
sel f . act i on = ( )

d ef pr i n t Gr i d ( sel f ) :
p r i n t sel f . hSpace

d ef ev al A ct i on ( sel f ) :
b asi s = ( sel f . evalPerDim [ 0 ] [ sel f . hSpace [ 0] � 1] [ 0] , )
v al ue = sel f . evalPerDim [ 0 ] [ sel f . hSpace [ 0] � 1] [ 1]
# compute i ndex of non� zer o basi s f un ct i on i n hSpace and i t s val ue on x
f or i i n r ange( 1 , sel f . dim ) :

v al ue � = sel f . evalPerDim [ i ] [ sel f . hSpace [ i ] � 1] [ 1]
b asi s += ( sel f . evalPerDim [ i ] [ sel f . hSpace [ i ] � 1 ] [ 0] , )

sel f . v al ue += sel f . gP [ b asi s ] . hv � v al ue

d ef eval F unct ( sel f , x ) :
sel f . v al ue = 0.0
sel f . evalPerDim = [ ]
f o r i i n r ange( sel f . dim ) :

sel f . evalPerDim . append ( [ ] )
f o r j i n r ange( 1 , sel f . l ev el + 1) :

# whi ch basi s i s unzer o on x f or dim i and l ev el j
pos = ( x [ i ]� sel f . domain [ i ] [ 0 ] ) / ( sel f . domain [ i ] [ 1 ] n

� sel f . domain [ i ] [ 0 ] )
b asi s = i n t ( math . cei l ( pos� 2� � ( j � 1) ) � 2� 1)
i f b asi s == � 1:

b asi s = 1
sel f . evalPerDim [ i ] . append ( [ ( j , b asi s ) ] )

el se :
sel f . evalPerDim [ i ] . append ( [ ( j , b asi s ) ] )

# val ue of t h i s basi s f un ct i on on x [ i ]
sel f . evalPerDim [ i ] [ j � 1] . append ( eval B asi s1D ( x [ i ] , n

sel f . evalPerDim [ i ] [ j � 1] [ 0] , sel f . domain [ i ] ) )
sel f . act i on = sel f . ev al A ct i on
sel f . l oopH i er Spaces ( )
r et u r n sel f . v al ue

# go t hr ough t he hi er ar chi cal subspaces of sel f . l ev el
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d ef l oopH i er Spaces( sel f ) :
f o r i i n r ange( 1 , sel f . l ev el + 1) :

sel f . hSpace = [ i ]
sel f . l oopH i er SpacesRec ( sel f . dim� 1, sel f . l ev el � ( i � 1) )

d ef l oopH i er SpacesRec ( sel f , dim , l ev el ) :
i f dim > 1:

f o r i i n r ange( 1 , l ev el + 1) :
sel f . hSpace . append ( i )
sel f . l oopH i er SpacesRec ( dim� 1, l ev el � ( i � 1) )
sel f . hSpace . pop ( )

el se :
f o r i i n r ange( 1 , l ev el + 1) :

sel f . hSpace . append ( i )
sel f . act i on ( )
sel f . hSpace . pop ( )

# f i l l sel f . gP wi t h t he poi n t s f or t he i n di ces gener at ed bef or ehand
d ef gener at eP oi n t s( sel f ) :

sel f . i n d i ces = sel f . gener at eP oi n t sRec( sel f . dim , sel f . l ev el )
f o r i i n r ange( l en ( sel f . i n d i ces ) ) :

sel f . gP [ sel f . i n d i ces [ i ] ] = gr i dP oi n t ( sel f . i n d i ces [ i ] , sel f . domain )

d ef gener at eP oi n t sRec( sel f , dim , l ev el , ak t l ev el=None) :
b asi s ak t = l i s t ( )
i f ak t l ev el == None:

ak t l ev el = 1
f or i i n r ange ( 1 ,2� � ( ak t l ev el ) + 1 ,2) :

b asi s ak t . append ( ( ak t l ev el , i ) )
i f dim == 1 and ak t l ev el == l ev el :

r et u r n b asi s ak t
e l i f dim == 1:

b asi s ak t += sel f . gener at eP oi n t sRec( dim , l ev el , ak t l ev el + 1)
r et u r n b asi s ak t

e l i f ak t l ev el == l ev el :
r et u r n cr oss ( basi s ak t , n

sel f . gener at eP oi n t sRec( dim� 1, l ev el � ak t l ev el + 1) )
el se :

r et u r n cr oss ( basi s ak t , sel f . gener at eP oi n t sRec( dim� 1,n
l ev el � ak t l ev el + 1) ) n
+ sel f . gener at eP oi n t sRec( dim , l ev el , ak t l ev el + 1)

# conver si on fr om nodal t o hi er ar chi cal basi s i n one di mensi on
d ef nodal 2Hi er 1D ( sel f , node , i , j , dim ) :

l ef t = ( i � 1, j / 2)
r i gh t = ( i � 1, j / 2+ 1)
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w h i l e l ef t [1]%2 == 0 and l ef t [ 0 ] > 0:
l ef t = ( l ef t [0] � 1 , l ef t [ 1 ] / 2 )

w h i l e r i gh t [1]%2 == 0 and r i gh t [ 0 ] > 0:
r i gh t = ( r i gh t [0] � 1 , r i gh t [ 1 ] / 2 )

i f i si n st an ce ( node [ 0 ] , t up l e ) :
preCurDim = node [ 0 : dim ]
post CurDim = node[ dim : l en ( node) + 1]
i ndex = preCurDim + ( ( i , j ) , ) + post CurDim
l ef t = preCurDim + ( l ef t , ) + post CurDim
r i gh t = preCurDim + ( r i gh t , ) + post CurDim

el se :
i f dim == 0:

i ndex = ( ( i , j ) , ) + ( node , )
l ef t = ( l ef t , ) + ( node , )
r i gh t = ( r i gh t , ) + ( node , )

el se : # dim wi l l be 1 ot her wi se i n t h i s case
i ndex = ( node , ) + ( ( i , j ) , )
l ef t = ( node , ) + ( l ef t , )
r i gh t = ( node , ) + ( r i gh t , )

i f l ef t [ dim ] [ 0 ] == 0:
i f r i gh t [ dim ] [ 0 ] != 0:

sel f . gP [ i ndex ] . hv � = 0.5� sel f . gP [ r i gh t ] . hv
e l i f r i gh t [ dim ] [ 0 ] == 0:

sel f . gP [ i ndex ] . hv � = 0.5� sel f . gP [ l ef t ] . hv
el se :

sel f . gP [ i ndex ] . hv � = 0. 5� ( sel f . gP [ l ef t ] . hv + sel f . gP [ r i gh t ] . hv )

# conver si on fr om nodal t o hi er ar chi cal basi s
d ef nodal 2H i er ( sel f ) :

f o r i i n r ange( l en ( sel f . i n d i ces ) ) :
sel f . gP [ sel f . i n d i ces [ i ] ] . hv = sel f . gP [ sel f . i n d i ces [ i ] ] . f v

f o r d i n r ange( 0 , sel f . dim ) :
f o r i i n r ange( sel f . l ev el ,0 , � 1) :

i n d i ces = sel f . gener at eP oi n t sRec( sel f . dim� 1, sel f . l ev el � i + 1)
f o r j i n r ange( 1 ,2� � i + 1 ,2) :

f o r k i n r ange( l en ( i n d i ces ) ) :
sel f . nodal 2Hi er 1D ( i n d i ces [ k ] , i , j , d )

# compute cr oss� pr oduct of ar gs
d ef cr oss ( � ar gs ) :

ans = [ [ ] ]
f o r ar g i n ar gs :

ans = [ x+ [y ] f o r x i n ans f or y i n ar g ]
ans2 = [ ]
f o r i i n r ange( l en ( ans ) ) :

i f i si n st an ce ( ans [ i ] [ 1 ] [ 0 ] , t up l e ) :
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dummy = ( ans [ i ] [ 1 ] [ 0 ] , )
f o r j i n r ange( 1 , l en ( ans [ i ] [ 1 ] ) ) :

dummy = (dummy [ 0 : l en (dummy) ] ) + ( ans [ i ] [ 1 ] [ j ] , )
ans2 . append ( ( ans [ i ] [ 0 ] , ) + dummy)

el se :
ans2 . append ( ( ans [ i ] [ 0 ] , ans [ i ] [ 1 ] ) )

r et u r n ans2

# eval uat i on of t he basi s f un ct i on s i n one di mensi on
d ef eval B asi s1D ( x , basi s , i n t er v al =None) :

i f i n t er v al i s None:
r et u r n 1. � abs( x � 2� � b asi s [0] � b asi s [ 1 ] )

el se :
pos = ( x� i n t er v al [ 0 ] ) / ( i n t er v al [1] � i n t er v al [ 0 ] )
r et u r n 1. � abs( pos� 2� � b asi s [0] � b asi s [ 1 ] )

Listing 2: unit test for listing 1
# def i n e t he un i t t est s
im por t pysg
im por t u n i t t est
im por t math
c l ass t est F unct est ( u n i t t est . T est Case ) :

d ef t est SGNoBound ( sel f ) :
sg = pysg . spar seGr i d ( 3 ,3)
sg . gener at eP oi n t s( )
sel f . asser t E qual ( l en ( sg . i n d i ces ) ,31)
f o r i i n r ange( l en ( sg . i n d i ces ) ) :

sum = 1.0
pos = sg . gP [ sg . i n d i ces [ i ] ] . pos
f or j i n r ange( l en ( pos ) ) :

sum � = 4. � pos [ j ] � ( 1.0 � pos [ j ] )
sg . gP [ sg . i n d i ces [ i ] ] . f v = sum

sg . nodal 2H i er ( )
f o r i i n r ange( l en ( sg . i n d i ces ) ) :

sel f . asser t E qual ( sg . gP [ sg . i n d i ces [ i ] ] . f v , n
sg . eval F unct ( sg . gP [ sg . i n d i ces [ i ] ] . pos ) )

# t est i n g
i f name ==" mai n " :

u n i t t est . main ( )
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