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1 Intro duction

The sparsegrid method is a special discretization technique, which allows to
cope with the curse of dimensionality of grid basedapproachesto someextert.
It is basedon a hierarchical basis [Fab09, [Yse86 [Yse9Z, a represenation of a
discrete function spacewhich is equivalernt to the cornventional nodal basis,and
a sparsetensor product construction.

The method was originally deweloped for the solution of partial di eren-
tial equations[Zen9], [Gri91], Bun92, Bal94, [Ach03| and is now also successfully
usedfor integral equations [EHP96, GOS99, interpolation and approximation
[Bas85 Tem89 SS99 GKO00, Kna00, KW05b]. Furthermore there is work on
stochastic di eren tial equations[ST03a STO3b], di eren tial formsin the context
of the Maxwell-equation[GHO3] and with a wavelet-basedsparsegrid discretiza-
tion parabolic problems are treated in [vPS04. BesidesGalerkin nite elemen
approachesthere are also nite di erences on sparsegrids [Gri98, Sth99, Kos02,
GKO03] and nite volume approaches[Hem95.

Besidesworking directly in the hierarchical basis a sparsegrid represen-
tation of a function can also be computed using the combination technique
[GSZ923, where a certain sequenceof partial functions is linearly combined.
Applications include eigernvalue problems[GGO0Q], numerical integration [GG98,
BDO03, GGO03], parabolic equations for options pricing [Rei04], machine learn-
ing [GGTO1, GGO2, Gar04, GGO05] and data analysis [LNSHO5] and it is used
for solving the stochastic master equation applied to generegulatory networks
[HBS* 06].

The underlying idea of sparsegrids can be traced back to the Russianmath-
ematician Smolyak [Smo63, who usedit for numerical integration. The concept
is also closely related to hyperbolic crossegBab60, Tem89 Tem933 Tem934,
boolean methods [Del82, DS89, discrete blending methods [BDJ92] and split-
ting extrapolation methods [LLS95].
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For the represeration of a function f de ned over a d-dimensional domain
the sparsegrid approach employs O(h,,* log(h,*)? 1) grid points in the dis-
cretization process,where h, := 2 " denotesthe mesh size. It can be shown
that the order of approximation to describe a function f , under certain smooth-
nessconditions, is O(h? log(h, ) ). This isin contrast to corvertional grid
methods, which need O(h, 9) for an accuracy of O(h2). Sincethe curse of di-
mensionality of full grid method arises for sparsegrids at this much smaller
extent they can be usedfor higher dimensional problems.

For easeof preseriation we will considerthe domain = [0; 1] hereand in
the following. This situation can be achieved for bounded rectangular domains
by a proper rescaling.

2 Sparse grids

Weintro ducesomenotation while describingthe convertional caseof a piecewise

linear nite elemen basis. Let | = (I1;::::1g) 2 9 denote a multi-index.
We de ne the anisotropic grid | on  with meshsizeh; := (h;,;:::;hy,) =
(2 '1;:::;2 '), it hasdierent, but equidistant meshsizesin ead coordinate

direction t. This way the grid | consistsof the points

Xpj = (X i Xigga); (1)

with x5, = j¢ h, =j¢ 2 '""andj, = 0;:::;2". Foragrid | wedene an

Vi = sparf gy jji= 0120 t= 1 dg; )

which is spanned by the usual basis of d-dimensional piecewised-linear hat
functions Y’

5 (X) = i (%) 3)
t=1

The one-dimensionalfunctions ; (x) with support [x;;  hy;x; + ]\ [0;1] =
[G Dbhy;( + 1h]\ [0; 1] are de ned by:

i (X) = 1 jx=h jji; x2[(G Dh:(§+ h]\ [0;1];
i 0; otherwise

(4)

SeeFigure 1(a) for a one-dimensionalexampleand Figure 2 for a two-dimensional
basis function.

2.1 Hierarc hical subspace-splitting

Till now and in the following the multi-index | 2 9 denotesthe level, i.e. the
discretization resolution, of a grid |, a spaceV, or a function f|, whereasthe
multi-index j 2 d givesthe position of a grid point x;; or the corresponding
basisfunction | (). B



(a) Nodal basis fur V3 (b) Hierarchical basis fur V3

Figure 1: Nodal and hierarchical basisof level 3

Figure 2: Basisfunction 1.4 ongrid 21.



We now de ne a hierarchical di erence spaceW, via

M
W= Vn M e %)
t=1

where g is the t-th unit vector. In other words, W, consistsof all ; 2 V|

which are not included in any of the spacesVi smaller than Vi. To complete
the de nition, we formally setV, := 0, if I = 1 for at leastonet 2 f1;:::;dg.

B = j2 9 1t7

= Jt coondyifly=0 ©)
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leadsto
W, = sparf ;jjj 2 Big: @)

These hierarchical di erence spacesnow allow us the de nition of a multilev el
subspacedecomposition. We can write V,, := V, asa direct sum of subspaces

M M M
Vn = WL = WLZ (8)
11=0 la=0 jis n
Here and in the followipng \ " refersto the elemern-wise relation. jlj; :=
max; ¢ ¢lt andjlj; = ?:1 Iy are the discrete L, - and the discrete L 1-norm
of |, respectively.
The family of functions
f i 2 Bigizy ©)

is just the hierarchical basis[Fab09, Yse86 Yse9] of V,, which generalizesthe
one-dimensionalhierarchical basis[Fab09, seeFigure 1(b), to the d-dimensional
casewith a tensor product ansatz. Obserwe that the supports of the basis
functions |; (x), which spanW,, are disjunct. SeeFigure 3 for a represeration
of the supports of the basis functions of the dierence spacesW,,., forming
V3.

Now ead function f 2 V, can be represened as

X X
fx) = gL (X); (10)
jlin. nj2B_
where |; 2  are the coe cien ts of the represenation in the hierarchical

tensor product basis. The number of basis functions, which describea f 2 V,

in nodal or hierarchical basisis (2" + 1)¢. For examplea resolution of 17 points

in eat dimensions,i.e. n = 4, for a ten-dimensional problem therefore needs
2 10 coe cien ts, we encourter the curse of dimensionality.

1we call a discrete space Vi smaller than a spaceV, if 8tk It and 9t : kt < lt. In the
sameway a grid i is smaller than a grid .
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Figure 3: Supports of the basisfunctionsof the hierarchical subspacesV, of the
spaceVs;

Note, that for the spacesV, the following decomposition holds

M M M
V|_ = WK = WKZ
k1=0 kd=0 K !

2.2 Prop erties of the hierarc hical subspaces

Now considerthe d-linear interpolation of a function f 2 V by af, 2 V,, i.e.
a represettation asin (10). First we look at the linear interpolation in one
dimension, for the hierarchical coe cients ;,| 1, holds

o= f(xiy) Pl W)+ flx + h) =f(xi)

Fixi a)+ F(Xij+1),
> :
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Figure 4: Interpolation with the hierarchical basis

This and Figure 4 illustrate why the |; are also called hierarchical surplus,
they specify what hasto be addedto the hierarchical represenation from level
| 1 to obtain the one of level I. We can rewrite this in the following operator
form

= = 1 = f

" 2 2 5]
and with that we generalizeto the d-dimensional hierarchization operator as
follows I

Y 1
L = —_ 1
L 2

1
= f (11)
t=1 2 lt3jt
Note that the coe cien ts for the basisfunctions assaiated to the boundary are
just o = f(x0j);j =0;1.
Now let us de ne the so-calledSobolev-spacewith dominating mixed deriva-
tive H2, in which we then will show approximation properties of the hierar-

chical basis. We de ne the norm as
@
@&

0 k s 2

G, -

and the spaceH 2, in the usual way:
HS, =ff: ! Tkfkhs < 19

mix

Furthermore we de ne the semi-normjf jy,2 = jfj, 2

L @i’
ifige = —fF
Hmix @K 2



Note that the cortinuousfunction spacedH 3, . likethe discretespacesv, havea
tensor product structure [Wah90, Hoc99 GKO00, HKZ00] and can be represertied
as a tensor product of one dimensional spaces:

Hey = H° He:

We now look at the properties of the hierarchical represertation of a function
f, especially at the size of the hierarchical surplusses. We recite the following
proofs from [Bun92, Bun98, BG99, BGO04], seethesereferencesfor more details
on the following and results in other norms like k k; or k ke. For easeof
presertation we assumef 2 HE . (), i.e. zeroboundary values,and | > 0
to avoid the special treatment of level O, i.e. the boundary functions in the
hierarchical represenation.

Straightforward calculation shows

Lemma 1. For any piecewised-linear basis function ; holds

Kk jko C(d) 20 =2

Lemma 2. For any hierarchical coe cient | of f 2 Hémx () it holds
_Y o z 2 :
L= > L DA (dx: (12)

Proof. In one dimension partial integration provides

z @f (x)dx Z xy +h  @f (x)dx

Lj @2 - xy b 5] @2
@ (dx TN DX @ (x)dx
= 5] @& v iy h @&

Z x 1 @ (x)dx . 2oy 1 @ (x)dx

Xij h h @ X1 h @

C0 ) 2(a)+ (g + )

2
= ﬁ li

@y
@&

The d-dimensionalresult is achievedvia the tensor product formulation (11). O

Lemma 3. Letf 2 HE., () beasin hierarchical representation atove, it
holds N
jl C(d) 2 (=21l ijUpP( i)

L H?2

mix
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Y, 2 ¥ hy 2]
bul= 5 DO 2 ke Do,
t=1 =t
C(d) 2 O faupp(yy)
O

Lemma 4. f 2 H§.,, () is as atovein hierarchical representation. For its
componentsf; 2 W, holds

kfike C(d) 2 21Ut jfj,o (13)
Proof. Sincethe supports of all |;; are mutually disjoint we can write
2
2 X X : 2 2
kf ks = oo = Jol® koks
j2B. , 12B
With Lemma 3 and 1 it now follows
X . 2 .
kf k3 C(d) 2 3 fjspp( ) ., C(d) 210t
j_23|_ - Hmix
C(d) 2 Hlv jfjZ,
which completesthe proof. O

2.3 Sparse grids

Motiv ated by the relation (13) of the \imp ortance" of the hierachical compo-
nerts f| Zenger[Zen9] and Griebel [Gri91] intro ducethe so-calledsparse grids,
where hierarchical basis functions with a small support, and therefore a small
part in the function represeration, are not included in the discrete space of
level n anymore.
Formally we de ne the sparsegrid function spaceV;y V, as
M
Ve o= Wi: (14)
jlir n
We replace in the de nition (8) of V, in terms of hierarchical subspacesthe
condition jlj; n with jlj;  n. In Figure 3 the used subspacesare given in
black, the di erence spacesW, which are not usedanymore, in comparison to
(8), are givenin grey. Every f 2 V;° can now be represerted, analogueto (10),
as X X
fa(x) = i1 (X): (15)
jlit nj2B_



Figure 5: Two-dimensionalsparsegrid (left) and three-dimensional sparsegrid
(right) of level n = 5 ead.

The resulting grids corresponding to the approximation spaceV,’ are called
sparsegrids. Note that sparsegrids wereintroducedin [Zen9], Gri91] using the
de nition M

Von = Wi (16)

jlit n+d 1

This de nition is useful for the numerical treatment of partial di erential equa-
tions with Dirichlet boundary conditions where no degreesof freedom exist on
the boundary. Using Vg, the level of re nement n in the sparsegrid corresponds
to the full grid caseagain. Examplesin two and three dimensionsare given in
Figure 5. Sparsegrids are studied in detail in [Bun92, Bun98, BG99, Kna00,
BGO04] besidesothers.

The following results hold for both de nitions V;* and Vg, . The proofs are
somewhateasierwithout basisfunctions on the boundary, sowe useV,;, in the
following, like it is donein the referencedsourcepublications.

First we look at the size of the sparsegrid space.

Lemma 5. The dimension of the sparse grid space Vg, i.e. the number of
inner grid points, is given by

iVoni=0(h,* log(h, ) %) 17

Proof. We follow [BG04] and usein rst part the de nition (16), the size of

a hierarchical subspacejw,j = 21 1t and that there are | 1 possibilities to



represert i asa sum of d natural numbers.

M X o nxd 1o X
Veni = W, = 2t I = 2 1
jliin n+d 1 jjis n+d 1 i=d jliz=i
n 1 .
_ x o d i1
Ly d 1
_ le i+d 1
- d 1

We now represen the summandasthe (d 1)-derivation of a function evaluated
atx = 2

Klg i+d 1
-0 d 1
- 1 X! i+d 1 (d 1
(d v x=2
_ 1 a1l X (d 1)
(d 1) 1 x
x=2
- 1 X' 4 o1 xd 1 yn+d 1 (@ 1 @i
(d . [ 1 x ,
= X=
1
(e OO e,

. [
i=0

The summandfori = d 1isthe largestoneand it holds

(n+d 1)!_2n nd 1
(d+ 1)in! (d 1)

2" +0(n? ?)
which givesa total order of O(2" n9 1) or in other notation, with h, = 2 ",
of O(h,* log(h, 1) 1). O

This is far lessthan the size of the corresponding full grid spacejVyj =
O(h, %) = 0(29") and allows the treatment of higher dimensional problems.

We now look at approximation properties of sparsegrids. For the proof we
again follow [BG04] and rst look at the error for the interpolation of a function
f 2 Hmix by fon 2 Vg, Which canbewritten in regardto the partial functions
from the hierarchical subspacesas

X X X
f fg;n = f|_ f|_: f|_Z

L jlix n+d 1 flit>n +d 1

10



For any norm now holds

X
Kf ok Kf k: (18)

jliz>n +d 1

We needthe following lemmato estimate the interpolation error

Lemma 6. For s2 it holds

X 251U1 = 9o sn stX 25i i+n+d 1
. o d 1
jlji>n +d 1 i=0

2 230 3 ML omey
(d 1)

Proof. The steps of the proof are similar to the onesin the previous lemma,
rst we get

X o X X
2 sjilin = 2 si 1
jliz>n +d 1 i=n+d liz=i
_ X 5 si i1
i=n+d d 1
- zsn zsd)ézsi i+n+d 1.
. d 1
Since
|
. *(d 1)
R Xi i+n+d 1 - x " R i+n+d 1
=0 d 1 (d 1) .
_ o x " yn+d 1 1 @
T (d 1) 1 x
_ x " Xt g 1 Xn+d1(k) 1 @ 1k
(d 1) ‘o k 1 x
Xt pn+d 1 x 9tk
- o k 1 x 1 x’
it follows with x = 2 S the relation
R . i+n+d 1 Xt n+d 1 nd 1
2 2 =2 +0(n? 2
. d 1 ‘o k (d 1) ( )
which nishes the proof. O

11



Theorem 1. For the interpolation error of a function f 2 H§, ., in the sparse
grid space Vg5, holds

iif  f3ii2= O(hZ log(h, 1) ): (19)
Proof.
X .
it f3iie kfke — C(d) 2 A jfjy.
jlii>n +d 1
C(d) 2 2n ifi nd ! +0 d 2 .
(d) et @1 (n® %)
which givesthe wanted relation. O

Note that sameresults holds in the maximum-norm as well:
it f3ii = O(hlog(h, 1) 1)
for f 2 HG i -

2.4 Sparse grid combination technique

The so-called combination technique [GSZ93, which is based on multi-v ariate
extrapolation [BGR94], is another method to achieve a function represertation
on a sparsegrid. The function is discretized on a certain sequenceof grids using
a nodal discretization.A linear combination of thesepartial functions then gives
the sparsegrid represeration. This approad can have numerical advantages
over working directly in the hierarchical basis,where e.g. the sti ness matrix is
not sparseand the on-the-y computation of the matrix-v ector-product, which
complexity scalesbetter, is challenging in the implementation [Ach03, Bal94,

Bun9g].
In particular, wediscretizethe function f on a certain sequenceof anisotropic
grids | = ;. wWith uniform meshsizesh; = 2 It in the t-th coordinate

direction. These grids possessn general di erent mesh sizesfor the dierent
coordinate directions. To be precise,we considerall grids | with

jir=1i1+:+lg=n g q=0:5d 1, It O
Note that in the original [GSZ927 and other papers as well, a slightly dierent
de nition was used, again due to Dirichlet boundary conditions,
jji=h+m+lg=n+(d 1) g qg=0:;d 1, |;>0:

The grids employed by the combination technique of level 4 in two dimensions
are shown in Figure 6.

A nite elemen approac with piecewised-linear functions |; (x) on ead
grid | now givesthe represertation in the nodal basis h

fi(x) = i s (X
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Figure 6: Combination technique with level n = 4 in two dimensions

Finally, welinearly combine the discretepartial functions f(x) from the di erent
grids | accordingto the combination formula

X1 X
fepg= (a0t fL00): (20)

=0 jja=n q

The resulting function f £ livesin the sparsegrid spaceV,?, the combined in-
terpolant is identically with the hierarchical sparsegrid interpolant f 3 [GSZ93.
This can be seenby rewriting ead f, in their hierarchical represenation (10)
and somestraightforward calculation using the telescope sum property, i.e. the
hierarchical functions get added and subtracted. We write it exemplary in the
two dimensional case,using f},+1, 2 W), 4, instead of all the basisfunctions of
W, 1, for easeof presertation

. X X
fn = f|1;|2 f|1;|2
|+|2: I1+I2:n 1
XX X X X X
= f/\kl;kz fl\kl;kz
|1 nk1 |1k2 n |1 |1 n 1k1 |1k2 n 1 |1
0 1
X X X X X
= fl\k1;1+ @ fl}ﬂ;kz f/}ﬂ;sz
ki 171 s n 1ky Ig ko n Iz ko n 1 |y
X X X
= 1!}<1;1+ 1!}<1;n I1
ki 11 Ii n 1ki I
= f/}(l;t
ki+t n

with t:= n+ 1 |;. This is exactly (15).
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Note that the solution obtained with the combination technique f ¢ for the
numerical treatment of partial di erential equationsis in generalnot the sparse
grid solution f 5. However, the approximation property is of the sameorder as
long a seriesexpansionof the error

xd X

f fi= G (Niysiizshy) hjp1 D hjpm; (21)

with bounded ¢, ..., (hj,;:::5hj ) exists, see[GSZ93. Its existencewas
shown for model-problemsin [BGRZ94].
Let us again considerthe two dimensional caseand considerthe error of the

combined solution f  f ¢ following [GSZ93. We have

X X
f fr? = f f|1;|2+ f|1;|2
li+12=n I1+I2:){1 1
= (f f|1;|2) (f f|1;|2):
l1+1=n I1+1=n 1

Plugging in the error expansion(21) leadsto

X
Pt o= a(hy) B2+ co(h,) h2 + cuo(hiihy) hRh2,

n
I+ BQ(ZI’I
ca(h,) hf + ca(hi,) hf + cua(hiy;hi,) b7 b

I1+1=n 1 I

X X
ci(hn) + ca(hn) + Cio(hishy,) 4 Cy2(hiyshyy)

I1+1=n I1+1lo=n 1

And we get the estimation, using ¢ ,

X X
it f5i 2 hi+ ci2(hi, hyy) 4 cr2(hiy;hy,)  h2
|1>‘2|2:n l1+12=n
2 hi+ jciz(hi s hiy)j h3 + 4 jcuz(hi s hi)i ha
I1+1=n l1+1=n 1

2 h2+ nh2+4 (n 1)h?
h2sn 2)=  h2(5logh,!) 2)
O(h log(h, )

Obserwe that terms are canceledfor h;, with I; 6 n and the accunulated h,21h,22
result in log(h, !)-term. The approximation order O(h2 log(h, 1)) is just asin
Theorem 1. See[GSZ92 PZ99, Rei04 for results in higher dimension.

The combination technique was used in uid dynamics [GHSZ93 GH95,
GT95, Hub96, Kra02], for the Lame-equation[Heu97, for eigervalue-problems
[Gar98, GGOQ], singular perturbation problems [NHOQ], machine learning and

14
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data analysis[GGTO01, GG02, Gar04, GG05, LNSHO05] and parabolic equations
for option pricing [Rei04].

There are close connections to so-called boolean [Del82, DS89 and dis-
crete blending methods [BDJ92], as well as the splitting extrapolation-method
[LLS95]. Furthermore, there are relations betweenthe sparsegrid combination
technique and additive models like e.g. ANOVA [Wah9( or MARS [Fri91].

A Sparse grids in python

We give the listing of somepython code for a sparsegrid without functions on
the boundary, i.e. accordingto formula (16). If you are interestedin the source
les, write to jochen.garcke@anu.e du.au.

A MATLAB implementation of sparsegrids [KW05a, Kli06] can be found
here http://www.ians.  uni- stuttg art.d e/spinterp/.

Listing 1: sparsegrid represertation
import math

class gridPoint:
def __init__(self,index=None,domain=None):
self .hv = [] # hierarchical value
self .fv = [] # function value
if index is None:
self .pos = [] # position of grid point
else:
self.pos = self.pointPosition(index ,domain)

def pointPosition(self ,index ,domain=None):
coord = list ()
if domain is None:
for i in range(len(index)):
coord.append(index[i][1]/2. index[i][0])
else:
for i in range(len(index)):
coord .append((domain[i][1] domain[i][0]) n
index[i][1]/2. index[i][0]+ domain[i][0])
return coord

def printPoint(self):
if self.pos is []:
pass
else:
out = ""
for i in range(len(self.pos)):
out += str(self.pos[i]) + "nt"

15



print out

class sparseGrid:

def __init__(self , dim=1,level=1):
self.dim = dim
self.level = level
self.gP = fg
self.indices = []
self.domain (0.0,1.0),) dim
self.action )

def printGrid(self):
print self.hSpace

= (
= (

def evalAction(self):
basis = (self.evalPerDim[0][ self.hSpace[0] 1][0],)
value = self.evalPerDim [0][ self.hSpace[0] 1][1]
# compute index of non zero basis function in hSpace and its value on
for i in range(l,self.dim):
value = self.evalPerDim[i][ self.hSpace[i] 1][1]
basis += (self.evalPerDim][i][ self.hSpace[i] 1][0],)
self.value += self.gP[basis].hv value

def evalFunct(self x):
self.value = 0.0
self.evalPerDim = []

for i in range(self.dim):
self .evalPerDim.append ([])
for j in range(1, self.level+1):

# which basis is unzero on x for dim i and level j
pos = (x[i] self.domain[i][0])/ ( self.domain[i][1] n

self.domain[i][0])
basis = int(math.ceil (pos 2 (j 1)) 2 1)

if basis == 1:

basis = 1

self .evalPerDim[i].append ([(]j,basis)])
else:

self.evalPerDim[i].append ([(]j,basis)])
# value of this basis function on x[i]
self.evalPerDim[i][j 1].append(evalBasislD(x[i],n
self.evalPerDim[i][j 1][0], self.domain[i]))
self.action = self.evalAction
self.loopHierSpaces()
return self.value

# go through the hierarchical subspaces of self.level

16



def loopHierSpaces(self):
for i in range(1l,self.level+1):
self .hSpace = [i]
self.loopHierSpacesRec(self.dim 1,self.level (i 1))

def loopHierSpacesRec(self ,dim, level):
if dim > 1:
for i in range(l,level+1):
self . hSpace.append(i)
self.loopHierSpacesRec(dim 1,level (i 1))
self .hSpace.pop()
else:
for i in range(1,level+1):
self . hSpace.append(i)
self.action ()
self .hSpace.pop()

# fill self.gP with the points for the indices generated beforehand
def generatePoints(self):
self.indices = self.generatePointsRec(self.dim, self.level)
for i in range(len(self.indices)):
self .gP[self.indices[i]] = gridPoint(self.indices[i], self.domain)

def generatePointsRec(self ,dim, level , akt_level=None):

basis_akt = list ()
if akt_level == None:
akt_level = 1

for i in range (1,2 (akt_level)+1,2):
basis_akt .append(( akt_level ,i))
if dim == 1 and akt_level == level:
return basis_akt
elif dim == 1:
basis_akt += self.generatePointsRec(dim,level ,akt_level+1)
return basis_akt
elif akt_level == level:
return cross(basis_akt ,n
self.generatePointsRec(dim 1,level akt_level+1))
else:
return cross(basis_akt , self.generatePointsRec(dim 1,n
level akt_level+1)) n
+ self.generatePointsRec(dim, level ,akt_level+1)

# conversion from nodal to hierarchical basis in one dimension
def nodal2HierlD( self ,node,i,j,dim):

left = (i 1,j/2)

right = (i 1,j/2+1)

17



while left[1]%2 == 0 and left [0] > O:
left = (left[0] 1,left[1]/2)
while right[1]%2 == 0 and right [0] > O:
right = (right[0] 1,right[1]/2)
if isinstance(node[0],tuple):
preCurDim = node[0:dim]
postCurDim = node[dim:len (node)+ 1]
index preCurDim + ((i,j),) + postCurDim
left preCurDim + (left ,) + postCurDim
right preCurDim + (right,) + postCurDim
else:
if dim ==
index

((i,j),) + (node,)
left (left,) + (node,)
right (right,) + (node,)
else: #dim will be 1 otherwise in this case

n o

index = (node,) + ((i,j),)
left = (node,) + (left))
right = (node,) + (right,)

if left [dim][0] == O:
if right[dim][0] != O:
self .gP[index].hv = 0.5 self.gP[right].hv
elif right[dim][0] == O:
self.gP[index].hv = 0.5 self.gP[left].hv

else:
self.gP[index].hv = 0.5 (self.gP[left].hv + self.gP[right].hv)

# conversion from nodal to hierarchical basis
def nodal2Hier ( self):
for i in range(len(self.indices)):
self.gP[self.indices[i]].hv = self.gP[self.indices[i]]. fv
for d in range(0, self.dim):
for i in range(self.level ,0, 1):
indices = self.generatePointsRec(self.dim 1,self.level i+1)
for j in range(l,2 i+1,2):
for k in range(len(indices)):
self.nodal2HierlD(indices[k],i,j,d)

# compute cross product of args
def cross( args):
ans = [[]]
for arg in args:
ans = [x+[y] for x in ans for y in arg]
ans2 = []
for i in range(len(ans)):
if isinstance(ans[i][1][0],tuple):

18



dummy = (ans[i][1][0],)
for j in range(l,len(ans[i][1])):
dummy = (dummy[O:len (dummy)])+ (ans[i]1[1]1[j],)
ans2.append((ans[i][0],) + dummy)
else:
ans2.append((ans[i][0],ans[i][1]))
return ans2

# evaluation of the basis functions in one dimension
def evalBasislD (x, basis,interval=None):
if interval is None:
return 1. abs(x 2 basis[0] basis[1])
else:
pos = (x interval [0])/ (interval[1l] interval [0])
return 1. abs(pos 2 basis[0] basis[1])

Listing 2: unit test for listing 1
# define the unit tests
import pysg
import unittest
import math
class testFunctest (unittest.TestCase):
def testSGNoBound(self):
sg = pysg.sparseGrid(3,3)
sg.generatePoints()
self.assertEqual(len(sg.indices),31)

for i in range(len(sg.indices)):
sum = 1.0
pos = sg.gP[sg.indices[i]]. pos
for j in range(len(pos)):

sum = 4. pos[j] (1.0 pos[j])
sg.gP[sg.indices[i]].fv = sum
sg.nodal2Hier ()
for i in range(len(sg.indices)):
self.assertEqual(sg.gP[sg.indices[i]].fv,n
sg.evalFunct(sg.gP[sg.indices[i]]. pos))

# testing

if __name__=="__main__":
unittest .main()
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